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Goal : sketch a proof of the following

Thearm (Huang-Wang 115 ,19)
For every g22 and 1

,
there exists a

quasi - Fuchsian manifold (M
. h)

,

ME SgXIR ,

containing at least a closed minimal

surfaces homstopic to Sg : 3 # 3.

Ideas here based on Huang-Wang 119
,

Anderson,

Farre-Vargas Pallete
.



A mapping torns is a 3-manifold of the form

Ny = Sg + [0 ,1]/
where (p. 0) +(4(p) ,

1) for 4 : Sg+ Sg
eventation - preserving differ.

The map [Cp , t]] -

induces a fibration

N- $ =
[0

, 13/+



Teorem Given 4 : Sg-Sg differ
· i has fruite order> Ny has geometry HIR

· + is reduablef Ny has an essential torns

· ↑
is pseudo-Arosor Ef Np is hyperbole

I
Nielsen - Thurston

t
geometrization

classification of
surface differnorphisms

Cup to Diffo (5q)



So
,
if i is pseudo-Amoser , then No is a closed

hyperbolic manfold.

Theeven (Virtually Fibered Conjecture,
Wise + Age 2009 -2012

Every closed hyperbolic 3-manfold has a

finite cover that is a pseudo-Anosar mapping torns.



Now
,
Let 4 : Sg+ Sg pseudo - Anosov ,

We have

1 ->Sg[nNy-SET-1
T = La(mnSg7

Let Mp= Ny Eve Ny the covering of Ny

such that (TM) =

#
*l

Then [Cm ,hi]] e An (Sg]
X

Actually , it is in OAH (Sg]



Ex

I I
X

I-D
Y
(My , 44) 2 (M) = My => Mynotquara



By general results (Schoen . You
,
Sachs-Ulembeck) ,

Ny contains an area mimmizing minimal
surface homotopie to S < Nyg

fiber

my My has infinitely many closed minival

surfaces [ : of gans g that minimite area

in a neighborhood ofIi (it)



Now
,

Let (Mn
,
hn) a sequence of quasi- Fuchsian

manifolds converging to (My
,
hp) in AH(Sg) .

-aux X~ = Et

e(Mn)#i- 1

·



Rough idea : each minimal surface [i

should be a limit of minimal surfaces
in Mu
&

Mu has an arbitrarily large
number of minimal surfaces

For n big
.



This works well if In are strictlystable

Estvariation formula :

if ve(p) = expup(tf()N(p7) , +
+ e: (S)

,

the

K
It·Ara(c + (s)) = - SfHdA --S -L = Lo

so
,
v is critical point of area #S H = O

·



Secondvariation formula 12 +u2
-
L

Ara( + (S)) = SfR-III-2)fd
S T

=

- (f= (f)dAz = O if
Z WAF

for Le(f) = -Def- (IIIzll2- 23 f

Morally , Le is the derivative of the mean currature

=>
ifLe is invertible

,
ther one can use

the implicit function theorem.



Problem : for an area - minimiting surface,
-

d ↳
.

tra =o = (fle(t) dazzod +
2

E

but Le (f) might have kernel

Estable" but not "strictly stable")



Solution : It has a neighbourhood foliated by
-

surfaces where the sign of
the mean curvature

is constant on each side (H > 0
,
He0 or H =0)

· if H20
,

one can find minimal surfaces in

Tur sequence Mu forn large !

=

(
~ X

E
--



· HO not possible if Ii is area-minimoung

· H = 0 ?

Conjecture No hyperbolic three-manifeld has

a (local) follation by closed minimal surfaces

Anderson+ Huang-hang : there exist some

hyperbolire mapping torns Np that has no

local foliation by closed minimal surfaces !


